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1. Introduction. Currently the theory of systems of distinct representatives (and
the closely allied theory of transversals) is being carefully examined and reworked,
often in a more general context which allows for the transfinite situation. This
theory can be said to have had its beginning in 1935 when P. Hall proved his now
celebrated theorem for the existence of a system of distinct representatives of a
finite family of sets. In a no less significant paper M. Hall, Jr. (in 1948) extended
P. Hall’s theorem to infinite families of finite sets. Around these two theorems a
considerable literature has grown (for an excellent survey and thorough bibliog-
raphy see [10]). The two theorems have been refined in various ways by requiring
that the system of distinct representatives have additional properties. It is however
true that these refinements can be obtained by applying the original theorems to a
modified family of sets. For finite families this is implicit in the work of Ford and
Fulkerson [3] who show how most of these refinements can be obtained from their
maximum flow-minimum cut theorem for flows in networks. For finite or infinite
families Mirsky and Perfect [10], [11] have shown how these refinements can be
obtained from the original theorems of the two Halls and a generalization of a
mapping theorem of Banach [1]. In a recent paper [2] we obtained a further
generalization of Banach’s mapping theorem. This theorem along with M. Hall’s
theorem enables us to prove a very general theorem on systems of distinct rep-
resentatives, which is in fact a transfinite and symmetrized form of a theorem of
A. J. Hoffman and H. W. Kuhn. The theorem we prove contains as special cases
(that is, without further refinement) all theorems that we know which assert the
existence of a system of distinct representatives of a given family of sets or sub-
family thereof with certain properties being required. We then can prove a theorem
giving necessary and sufficient conditions that a family of sets possess a family of
subsets whose cardinalities lie within prescribed bounds and where the frequencies
of occurrences in these subsets of the elements lie within prescribed bounds. This
will be made more precise later. From this we also obtain an extension to locally
finite graphs of Ore’s solution [12] of the so-called *“subgraph problem for directed
graphs” and for that matter a generalization of Ore’s solution due to Ford and
Fulkerson [3].

Received by the editors April 9, 1968.
(1) The research of the author was partially supported by NSF Grant No. GP-7073.

149



150 R. A. BRUALDI [June

2. Preliminaries. Let E be an arbitrary set and A(/)=(4; : i€ I) a family of
subsets of E indexed by a set I. Thus, although i#i’, it may be that 4,=4,.. If
I'<1, then A(I")=(4; : i€ I'), a subfamily of A(I). A family (x, : j€J) is a system
of representatives of A(I) if there is a bijection ¢: J — I such that x; € 4,;, for all
jeJ. If in addition the x, are distinct, then (x; : j€J) is a system of distinct rep-
resentatives of A(I). The subset {x; : j e J} of Eis then called a transversal of A(I).
Thus a subset E° of E is a transversal of (/) if and only if the elements of E° can
be indexed by I, (x; : i € I), in such a way that x; € 4; for all i € I. We shall usually
phrase our results in terms of transversals rather than systems of distinct rep-
resentatives.

With a given family A(I)=(4; : i € I) of subsets of a set E we associate a dual
Sfamily A(E)=(A, : e € E) of subsets of I indexed by E. For e € E, 4, is defined by

A, ={iel:ec A4}

The dual of the family %(E) is the original family so that each determines the other.
Note that for e € E, 4, is finite if and only if e is a member of only finitely many A’s.
The cardinality of a set X is denoted by | X|. If X and Y are sets, then X\Y is the
set of those elements of X which are not elements of Y. For X a set, >,.x X; is a
partition of X means X=Jx X and X, N X,,= @ whenever k#k'.
The following two theorems will be crucial in what follows.

THEOREM 1. The family W(I)=(A; : i € I) of finite subsets of a set E has a trans-
versal (or, equivalently, a system of distinct representatives) if and only if for every
finite subset U of 1

| U 4 I z |U|.
ieU
In case |I| <o it is not necessary that the A’s be finite sets.

The theorem for arbitrary index sets 7 is due to M. Hall, Jr. [4]. For |I| <o, the
theorem is the original one of P. Hall [5].

The second theorem that we shall need is a generalization of Banach’s mapping
theorem. We state it in the language of the present paper.

THEOREM 2. Let U(I)=(A; : i€ I) be a family of arbitrary subsets of a set E.
Let Sycx I, and 3, E; be partitions of I and E respectively. Suppose for each k € K
there are specified integers c, and c;, with 0 = ¢, = ci, and that for each j € J there are
specified integers d; and d; with 0<d; < d;. If there is a subfamily N(I') which has a
transversal E’ with

¢ £ |\ (keK)
|EAE'| = d;  (jeJ),
and if there is a subfamily A(I") which has a transversal E” with
I\ < ¢ (keK)

d; < |E\E"| (JeJ),
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then there exists a subfamily A(I°) which has a transversal E° with

e S LM S e (keK)
d; S |[ENE°| £d; (jelJ).

It is permissible that the cardinalities |1,\I’| and |E;\E"| be infinite. Theorem 2 is
proved by the present author in [2].

3. The principal theorem. In [7] A. J. Hoffman and H. W. Kuhn prove a
theorem which gives necessary and sufficient conditions for a finite family of subsets
of a set E to have a transversal which intersects a given partition of E within
prescribed bounds. The theorem below generalizes their theorem in two directions:
(1) it makes the conclusion of the theorem symmetrical with respect to the sets and
elements and (2) it extends the theorem to infinite families. For further generality
to allow for the sets in the partition of the underlying set to be infinite, we state and
prove the theorem in the ‘“defect” form; that is, rather than requiring that the
transversal intersect the partition within prescribed bounds, we require that the
(set-theoretic) complement of the transversal do so.

THEOREM 3. Let N(I)=(A; : i€ I) be a family of subsets of a set E and let
A(E)=(4, : e€ E) be the dual family. Let 3.y I,, and 3 ;; E; be partitions of I and E
respectively. For each k € K let there be specified integers ¢, and c; with 0S¢, Scy,,
and for each jeJ let there be specified integers d; and d; with 0=d;<d;. Let K’
=tkeK: cp<|L|}andJ' ={jeJ : d;<|E;|}, and let I* =\Uyex I and E*=\_,, E,.
Assume for each i € I* that A, is a finite set and for each e € E* that A, is a finite set.
Let K*={ke K : ¢,>0} and J*={jeJ : d;>0}, and assume for each k € K* that
I, is a finite set and for each j € J* that E; is a finite set.

Then there exists I°S I and E°S E such that E° is a transversal of U(I°) with

@.1) o < [\l S ¢ (keK)
3.2) d, < |ENE°| =d; (jeJ)

if and only if the two conditions below are satisfied:
(3.3) For each finite subset U of I* and for each finite subset V of J*,

[(U4) 0 (YE)| 2 U1+ ;(dj—w,p_ A

teU v k:UnIc+ o

(3.4) For each finite subset P of E* and for each finite subset Q of K*,
- . ~ _ ,
(YA) N (G| 2 1P+ 3 @lbD= 5 4.

J:PNE;+ 2

Proof. By Theorem 2 and the definition of the dual family there exists /°< I and
E°c E such that E° is a transversal of %(/°) with (3.1) and (3.2) valid if and only if
both (A?) and (B!) below are true.
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(A') There exist I'= I and E'< E such that E' is a transversal of A(I') with

(3.5) IM| = ¢ (ke K)
(3.6) d; < |E\E| (jeJ).
(BY) There exist E'<E and I"<1 such that I" is a transversal of A(E") with
3.7 |[ENE"| < dj  (jeJ)
(3.8) ¢ S L\ (k € K).

We shall show that (A?) is valid if and only if condition (3.3) is valid. By exploiting
the symmetry of the situation it will follow that (B?) is valid if and only if condition
(3.4) is valid. This will prove the theorem.

Now if there exist I’c ] and E’'< E satisfying (A?), let (e; : ie ') be a system of
distinct representatives of A(I') with E'=Jic {e}. If I=I' n I* and E=J,; {e},
then E is a transversal of A(1) with |[\I|=|L\I'| for k € K’ and |E,\E'| < |E,\E| for
j€J. Thus |[\|Sc for k€ K' and d; <|E\E| for jeJ. Conversely, if there
exists /=I* and E<E such that E is a transversal of (I) with |[,\I|<c; for
ke K' and d;<|E\E’| for jeJ, then also |L,\I| = c}, for k € K\K’ since for such k,
|I| £ cy.. Thus by taking I'=1 and E’'=E, (A?) is true. Thus (A') is equivalent to

(A?) There exist IS I* and E< E such that E is a transversal of %(I) with

(3.9) M| S ¢ (keK)
(3.10) d, < |E)E| (eJ).

We now show that (A2) is equivalent to finding a transversal of a family of sets
which we construct. Let (F, : k € K') be a family of mutually disjoint sets indexed
by K’ with (Uyex: Fi) N E= 2 and |F|=c; fork € K'. Let (L, : j € J*) be a family
of mutually disjoint sets indexed by J* with ((U,e; L;) N I*= @ and |L;|=d, for
jeJ*. Let F=Uiex F. and L=J,e;» L; and consider the family #(/* U L)
=(B; : i e I* U L) of finite subsets of E U F where

Bi=AiUFk ifiEI*W]thIEIk
and
B, =E; ifieLwithielL,.

Suppose #(I* U L) has a system of distinct representatives (x; : i € I* U L) with
corresponding transversal X=J;cpeor {x;}. If I={ie I* : x;€ A}, then (x; : ie[)
is a system of distinct representatives of (/) and E=|J,; {x;} is a transversal of
A(T). Moreover since |F| =c;, for k € K’ it follows that |[,\I| < ¢}, for k € K'; since
|L,| =d, for j € J* it follows that d; < | E,\E| for j € J* and thus for j € J. Conversely,
if (A2?) is satisfied, it follows in the natural way that Z(I* U L) has a transversal.
Hence (A?) is equivalent to

(A3) The family #B(I* U L)=(B; : ieI* U L) of finite subsets of E\U F has a
transversal.
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We are now in a position to apply Theorem 1. Thus #(/* U L) has a transversal
if and only if
(3.11) For each finite subset T of I* U L

| B |27

Let U=T N I* and W=T N L. Then (3.11) is equivalent to
(3.12) For each finite subset U of I* and for each finite subset W of L,

[(LB)© (L5) | & IUI+IWI.

Now for i€ U with ie I, B;=A; U F, with |F|=c;, and for ie W with ie L;,
B;=E; Thus (3.12) is equivalent to
(3.13) For each finite subset U of I* and for each finite subset W of L
(L4 (b, B)

J:WnlLj=g

+ Z Cr
k:UnIg# o

+ > 1Bl z |Ul+Wl.

JiWNL# o

Now for U fixed the value of the left side of the inequality in (3.13) depends only on
whether WN L;= o or W N L;# & for each j € J*, while the value of the right side
depends on the cardinality of W. Thus by replacing W by W’ =;.wn,# 0 L;, the
value of the left side does not change while the value of the right side is |U|+
Diwerzo 4,2 |U|+|W/|. Thus (3.13) is equivalent to
(3.14) For each finite subset U of I* and for each finite subset V of J*
|(,E{,Af) N ( ]Lé)VE,) + > o+ ; |Ej| 2 |U|+ 2 d,.

k:Unlp# o jev

Thus (A3), and therefore (A%), is equivalent to (3.14) which is equivalent to (3.3). As
previously remarked, it now follows by symmetry that (B?) is equivalent to (3.4).
This completes the proof of the theorem.

REMARK. Since d,=0 for jeJ\J*, we may replace J* by J in condition (3.3).
Likewise we may replace K* by K in condition (3.4). Also since ¢}, = || for k € K\K’
we may replace I* by I in (3.3). Likewise we may replace E* by E in (3.4).

4. Special cases of the principal theorem. The principal theorem, Theorem 3,
contains as special cases all theorems that we know which assert the existence of a
transversal of a family of sets (or subfamily thereof) with or without additional
properties. We shall indicate in this section some of these special cases. First we
shall take Theorem 3 out of the “defect” form and put it into a less general but
somewhat more direct form(?).

(?) It has recently come to our attention that Theorem 4 has been independently established
by J. Folkman and D. R. Fulkerson (Subgraphs of bipartite and directed graphs, Rand report,
April 1968). Their method of proof is quite different from ours.



154 R. A. BRUALDI [June

THEOREM 4. Let A(I)=(A; : icl) be a family of subsets of a set E and let
A(E)=(A, : e € E) be the dual family. Let 3. I, and > ., E; be partitions of I and
E respectively into finite sets. For each k € K let there be specified integers a, and aj,
with 0= a, < a;, and for each j € J let there be specified integers b; and b; with 0< b;
<bj. Let K'={tkeK:a,>0} and J'={jeJ : b;>0}, and let I*=\J,x I, and
E*=\,e; E;. Assume for each i € I* that A, is a finite set and for each e € E* that
A, is a finite set.

Then there exists I°< I and E°< E such that E° is a transversal of A(I°) with

4.1 a. 2 |,nI°l 2a, (kek)
“4.2) by S |E;NE°| sb; (jeJ)

if and only if the following two conditions below are satisfied:
(4.3) For each finite subset U of I* (or equivalently of I) and for each finite subset
Vof J,

A) N E)| =z |U|- > b;— I|—a,).

(4.4) For each finite subset P of E* (or equivalently of E) and for each finite
subset Q of K,

AN (UL 2 |Pl-Da,- E;|—b).
(4~ ()| 2 1PI= 2oa= 2 (E]=b)

Theorem 4 is a direct consequence of Theorem 3 and the remark following its
proof. It is not as general as Theorem 3, for in Theorem 4 all the I, and E; must be
finite sets. In case we insist that =1, that is, require a transversal for the whole
family A(Z), then further simplification takes place. We state this as another
theorem. It is the transfinite generalization of the Hoffman-Kuhn theorem [7].

THEOREM 5. Let A(I)=(A; : i € I) be a family of finite subsets of a set E and let
N(E)=(A, : e € E) be the dual family. Let 3 ,., E; be a partition of E into finite sets.
For each jeJ let there be specified integers b; and b; with0 < b; < b;. LetJ'={j: b;>0}
and let E*=\_);.; E,. Assume for each e € E* that A4, is a finite set.

Then there exists E°< E such that E° is a transversal of W(I) with

(4.5) bS|ENE|SE (jeJ)

if and only if the following two conditions below are satisfied:
(4.6) For each finite subset U of I and for each finite subset V of J,

(440 (5) 2 101- 35

ieU jev

(4.7) For each finite subset P of E* (or equivalently of E)

|Y 4|z 1PI= > (E|-b)

J:PNE;# 2
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Theorem 5 follows from Theorem 4 by taking K=1, I;={i} for each i € I, and
a;=a;=1 for each i€ I. Condition (4.6) follows directly from that of (4.3) by
observing that I*=1 here. Condition (4.4) becomes here: For each finite subset
P of E* and for each finite subset Q of I,

[(U4) n@Q)|+lel z IPI= > (IE|-b).
€ j:PAEj# &
But for P fixed, the value of the right side of the above inequality is fixed while the
smallest value of the left side is |{Uqep Ae|. Thus (4.4) reduces to (4.7).

If, in addition, U(]) is a finite family and F is a finite set, condition (4.7) can be
put in terms of the original family A(I)=(4; : i € I). For if we fix a subset V of J',
then condition (4.7) is equivalent to: For each P<\J ey E;,

|U 4|+ 2 IEI=IPl 2 3 by
e jev jev

This being true for all subsets V of J'. But by the Konig-Egervdry Theorem [10], [11]
(we do not go into details here) the preceding inequality is equivalent to: For all
U< and for all VeJ',

[(44) 0 (W B)|+I=101 2 3 b,

But if this inequality is satisfied for all ¥'<J’, it is also satisfied for all ¥'<J since

b;=0 for j e J\J'. Thus, under the assumption that %(/) is a finite family of subsets

of a finite set E, conditions (4.6) and (4.7) can be combined into the single condition
(4.8) For all U<I and for all V<=J,

|(g,41) N (gE,)l > max {|U|— “va;, |U|—|Il+g’b,}.

Condition (4.8) is the one found by Hoffman and Kuhn [7].
Another special case of Theorem 4 is a theorem proved by Mirsky and Perfect
[11] which is a transfinite generalization of a theorem of Mendelsohn and Dulmage

(8]

THEOREM 6. Let A(I)=(A4; : i€ I) be a family of subsets of a set E and %(E)=
(A, : e € E) be the dual family. Let I*< I and E*< E be given and assume for each
i € I* that A, is a finite set and for each e € E* that A, is a finite set. Then there exists
I° and E° with I*<1°< [ and E*< E°< E such that E° is a transversal of W(I°) if and
only if the two conditions below are satisfied:

(4.9) For each finite subset U of I*, | Uicu 4i| 2 |U]|.

(4.10) For each finite subset V of E*, | U.ev 4o| 2|V ].

Several other known theorems can be deduced as special cases of Theorem 4.
We do not continue in this direction any further. The reader is referred to the
expository paper [10] by Mirsky and Perfect for additional theorems of this type.
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5. Systems of representatives. In this section we no longer insist that the
representatives of a family of sets be distinct. More precisely, if A(K)=(4, : k € K)
is a family of subsets of a set E, then the family (e, : k € K) of elements of E is a
system of representatives of A(K) provided e, € 4, for all k € K. Recently Mirsky [9]
obtained necessary and sufficient conditions that a family €A(K)=(4, : k € K) of
subsets of a set E (with suitable finiteness assumptions) have a system of repre-
sentatives (e, : k € K) such that the frequency of occurrence of each element e of E
in this system of representatives (that is, |[{k € K : e,=e}|) lies within prescribed
bounds. We shall obtain from Theorem 4 a theorem which, in essence, symmetrizes
Mirsky’s theorem. We now make this precise. Following Mirsky, if (C; : iel)is a
family of sets and J< I, then C(J)=J;; C..

THEOREM 7. Let A(K)=(A, : k € K) be a family of finite subsets of a set E. Let
A(E)=(A, : e € E) be the dual family and suppose each A, is finite. For each k € K
let integers a, and a;, be given with 0 < a,. < ay, and for each e € E let integers b, and
be be given with 0 < b, < b.. Then there exists a family S(K)=(S, : k € K) of subsets
of E with dual family S(E)=(S, : e€ E) such that S,< A, for all k € K and thus
S.c 4, for all e € E with

(€R)) a, £ Skl £ a.  (keK)
(5.2) b, < |S.| £b. (ecE)

if and only if the two conditions below are satisfied:
(5.3) For each finite subset X of K,

min {|4, N X|, b} 2 D a,.

ecA(X) keX

(5.4) For each finite subset Y of E,

> min{ld;n Y|, a3z > b

keA(Y) ecY

Proof. For each k € K, let I, ={(k, e) : e € A,} so that |I,| =|A4,|. Let I=Uyex I
so that > I, is a partition of I. For each e€ E, let F, = {(e, k) : k € 4,} so that
|F,|=|4.|. Let F=,eg F. so that 3. F, is a partition of F. Let o:/— F
be a bijection such that if (k, e) € I, then o((k, €)) € F,. (By well-ordering K certainly
such a bijection can be defined.) Let Z(I)=(B; : i € I) be the family of one element
subsets of F defined by B;={¢(i)} for all i e I. Then there exists a family S(K)
=(Sy : k € K) of subsets of E satisfying the conclusion of the theorem if and only if
there exists /°< I and F°< F such that F°is a transversal of Z(I°) with

(5.5) a S |I,NI°| <a, (keK)

(5.6) b < |F.ONF|<b, (ecE).
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For, if there exists such a family S(K)=(S), : k € K), take

I° = IH{ (Lg (k, e)) and F° = kL_;{ (LSJ a((k, e))).
€ eeSy € eeSy

Then surely F°is a transversal of Z(I°). Since S satisfies (5.1), I° satisfies (5.5). Also
since |F, N F°|=|§,| and S, satisfies (5.2), F° satisfies (5.6). Conversely, if there
exists I°c 1 and F°< F such that F° is a transversal of #(/°) with (5.5) and (5.6)
valid, then for each k € K let S,={e € A, : (k, e) € I, N I°}. It follows that |S,|
=|l, N I° for all ke K and that |S,|=|F, N F°| for all ec E. Thus &(K)=
(S; : ke K) is a family of subsets of E with S, = A4, for all k € K such that &(K)
and its dual S(E) satisfy (5.1) and (5.2).

We are now in a position to apply Theorem 4 to the family #(I) of subsets of F.
Thus there exists I°c7 and F°< [ such that F° is a transversal of #(I°) with (5.5)
and (5.6) valid if and only if the following two conditions are true:

(5.7) For each finite subset U of I and for each finite subset V of E,

()N (YR Zrzvi- 3 -

eeV k:Unlg# @

(5.8) For each finite subset P of F and for each finite subset Q of K,

B\ n I v 2 |P|— F,|-b.).

(B) N (W) Sekz 7= 3 (Ri-p)

Consider condition (5.7) with V fixed. Let U be a finite subset of I and let U’

=Uk:vnre# » I If (5.7) is satisfied with U replaced by U’, then since the B, are one

element subsets of F, (5.7) will also be satisfied for U. Thus (5.7) is equivalent to
(5.9) For each finite subset X of K and for each finite subset V of E,

DlANX|+ Dbz a.

e¢vV eeV keX

But for X fixed, the minimum of the left side of the previous inequality is

> min{|4, N X|, b3}
ecA(X)
Thus (5.9) and therefore (5.7) is equivalent to (5.3). SimilarIy (5.8) is equivalent to
(5.4). This completes the proof of the theorem.

In proving Theorem 7 we have not used the full strength of Theorem 4, for we
have assumed all the sets 4, and all the sets 4, are finite. Thus a somewhat stronger
theorem can be proved in which those 4, with a,=0 and those A, with b,=0 are
not assumed to be finite. However the notation to derive such a result from Theorem
4 is rather formidable, and we forego the details.

COROLLARY. Let A(K)=(A, : k € K) be a family of finite subsets of a set E and
suppose each e € E is an element of only finitely many A’s. For each e € E let integers
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b, and b, be given. Then W(K) has a system of representatives (e, : k € K) such that
bes|{k:e.=¢}| =b. (e€E)

if and only if the two conditions below are valid:
(5.10) For each finite subset X of K,

> min{l{ke X :ecAl|, b}z |X|

eeA(X)

(5.11) For each finite subset Y of E,
lkeK: 4,0 Y # o} 2 > b.

eeY

Proof. Since each e € E is an element of only finitely many A’s, each set A4, in the
dual family A(E)= (4, : e € E) of A(I) is a finite set. The corollary then follows by
defining a,=a;,,=1 and applying Theorem 7.

In [9] Mirsky proves a similar theorem (he allows those e with b,=0 to be
elements of infinitely many A’s), but while he obtains condition (5.11), his con-
dition corresponding to (5.10) is different. More precisely, in Mirsky’s theorem
(5.10) is replaced with

(5.12) For each finite subset X of K, D ecax, beZ | X|-

It follows therefore that (5.10) is equivalent to (5.12).

6. The subgraph problem for directed graphs. A directed graph D=(P, L)
consists of a set P the elements of which are called points and a set L of ordered pairs
of points which are called /ines [6]. If p and ¢ are points and /=(p, q) is a line, then /
is said to be a line from p to q. If X< P, then

A(X) ={qeP : (p,q) L forsomepe X}
and
B(X) ={qeP :(q,p)eL forsomepe X}.

If X consists of a single point p, then we shall identify A({p}) and B({p}) with A(p)
and B(p) respectively. The outdegree of a point p, odp(p)=|A4(p)|, the number of
lines from p; the indegree of p, idp(p)=|B(p)|, the number of lines to p. A (spanning)
subgraph of a directed graph (P, L) is a directed graph D'=(P, L") with L' L. The
subgraph problem for directed graphs asks for necessary and sufficient conditions
that a directed graph have a subgraph with prescribed indegrees and outdegrees
for each of its points. This was solved for finite directed graphs (that is, directed
graphs with a finite number of points) by Ore [12]. In their book [3] Ford and
Fulkerson gave and solved an extension of this problem for finite directed graphs.
Their problem was that given a finite directed graph find necessary and sufficient
conditions that there exist a subgraph such that the indegrees and outdegrees of the
points lie within prescribed bounds. We shall extend the theorem of Ford and
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Fulkerson to locally finite directed graphs. A directed graph D=(P, L) is locally
finite provided the indegrees and outdegrees of each of its points are finite.

THEOREM 8. Let D=(P, L) be a locally finite directed graph. Corresponding to each
p € P let there be prescribed integers a,, a,, b,, b, satisfying

0<a,Za, 0=b,=b, (peP).

Then D has a subgraph D' with

(6.1 a, 2idy(p) =a, (peP)
6.2) b, = odp(p) = b, (peP)
if and only if for all finite subsets X of P the following two conditions are satisfied:
(6.3) > min{|Blg)n X|,b} 2 D a,
qe A(X) peX
(6.4) > min{{AlQ) N X|,a} = 3 b,
qeB(X) reX

Proof. Let A(P)=(A, : p € P) be a family of subsets of P defined by 4,=A4(p)
={geP : (p,q) € L}. The dual family A(P)=(4, : p € P) satisfies 4, = B(p). Since
the directed graph D is locally finite, for each p € P both A, and 4, are finite sets.
It is clear that the directed graph D has a subgraph D’ satisfying (6.1) and (6.2) if
and only if there exists a family &(P)=(S, : p € P) of subsets of P with dual family
8(P)=(S, : p € P) such that S,= 4, and S,< 4, with

a, < |S,| £ @, b, = lgpl <b, (peP).

The theorem now follows by applying Theorem 7.

In case D is a finite directed graph, Theorem 8 reduces to the theorem of Ford
and Fulkerson. If also a,=a, and b,=b,, for all p € P, then Theorem 8 reduces to
the theorem of Ore. For D a locally finite directed graph, if a,=a}, and b, =b;, for all
p € P, then Theorem 8 describes when D has a subgraph for which the indegree and
outdegree of each point p is a, and b, respectively.
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